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Abstract. We consider the regularity of Leray-Hopf solutions to impressible 
Navier-Stokes equations on critical case u € L'^{0,T; L°°{M.^)). By a new 
embedding inequality in Lorentz space we prove that if ||u||^2 (q y.^oo^jjs)) is 
small then as a Leray-Hopf solution u is regular. Particularly, an open problem 
proposed in |8j is solved. 



1. Introduction 

We consider the regularity of weak solutions to impressible Navier-Stokes equa- 
tions 

dtU-Au + u- Vu + Vp = 0, in x (0, T) 
divu = 0, in x (0, T) 



'1.11 



where u and p denote the unknown velocity and pressure of incompressible fluid 
respectively, u : {x, t) E M.^ x (0, T) — > is called a weak solution of (11. ip if it 
is a Leray-Hopf solution. Precisely, it satisfies 

(1) u G L°°(0, T; L\R^)) f] L\0, T; H\R^)), 

(2) divM = in M^x(0,r), 

(3) / / {-u ■ dt(f) + Vm ■ V0 + (n ■ Vu) ■ (p}dxdt = 
Jo Jrs 

for all e C^{R^ x (0, T)) with div^ = in x (0, T). 

In this paper, we prove the following critical regularity of the Leray-Hopf solu- 
tions to the Navier-Stokes equations in weak spaces, which was an open problem 
proposed in |8]. 



Theorem 1.1. There is a constant e > such that if u is a weak solution of the 
Navier-Stokes equations ( fi.i)) in x (0, T) and if 

||'w||l2^(o,T;L°°(r3)) < e 
then u is regular in x (0, T] . 

This work is supported by NSFC No. 10571157. email: jzhai@zju.edu.cn 

1 



Jian Zhai 

Here -^^^^(0, T; L'^{^)) {1 < p < oo, 1 < q < oo) denote the spaces of functions 
v: {x,t) eQx (0, T) with 

II^IIlS,(o,T;M(Q)) := sup(T|{t G (0,T) : H-^l", > (^j^^^ < oo. 

It is known that the weak spaces are special cases of the more general Lorentz 
spaces LP'"- and = L^'^ (see P). 

As a corollary of Theorem 11.11 we have that there is a constant C > such 
that if M is a weak solution of fll.ip and 

Hx,t)\ < \/{x,t)eR''x{T-R,T) 

then u is bounded in x (T — R, T]. 

Combining our Theorem 11.11 with the former results of Sohr [14J , Kim and 
Kozono [8j, we have 

Corollary 1.2. For all r G [3,oo], there is a constant e > depending only on 
r, such that if u is a weak solution of the Navier-Stokes equations ( (i.ij) and if 

2 3 

lk||L^(0,T;L^(R3)) < 6, With - + - = 1, 

then u is regular in x (0,T]. 

Since Leray(1934)[T0] and Hopf(1951)[i3j proved the global existence of weak 
solutions, it has been a fundamental open problem to prove the uniqueness and 
regularity of weak solutions to the Navier-Stokes equations. For 3 < r < cxd, 
Corollary O in L;(0, T; ^^(M^)) were proved by Sohr [H]. Corollary O in 
r = 3 was proved by Kim and Kozono [81|. On the other hand, similar results in 
Lebesgue spaces on f2 x (0,T) have been proved by Serrin [13j, Struwe [15j and 
Takahashi [16], and similar results in Lebesgue spaces on x (0, T) have been 
proved by Giga [5], E.B. Fabes, B.F. Jones, N.M. Rivere [1], Kozono, Taniuchi 
[9] and Iskauriaza, Seregin, Shverak ( see also W. von Wahl [T7]). 

Notice that the global case of the open problem proposed by Kim and Kozono 
in [KK pp.87 line 12-14] is solved by using Theorem II. 1[ The local case of the 
open problem was claimed in [T]. But as pointed by Kim and Kozono in [KK 
pp.99 line 9-11], the critical local case can not be treated by the method given in 
[T] and developed in [KK]. 

To prove Theorem II. H a key step is to prove a priori estimate for vorticity 
equation (see Proposition 13.11) . where we estimate the nonlinear terms by ||f||Q 
and the norm of u in Lorentz space. To this aim, we first prove a new embedding 
inequality in Lorentz space in section 2. 
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2. Embedding inequality in Lorentz space 

Let X e Co~ (54/3(0)) and G Co°°(S8/3(0) \ ^3/4(0)) be the Littlewood-Paley 
dyadic decomposition that satisfy (see [C]): 

(2.1) x(o + E^(2-'^^) = i' \<x\o + Y.v\'2-'0<^. VeGM^ 

g>o q>0 

Denote 

A_it; = ^-^[X(0^H(0], A,t; = J-i[^(2-''0-^H(0], Vg > 
and define 

F(g[0,T]) := {v G L\Q,T-H\W')) : ||t;||Q[o,r] < 00} 



QFQj.! = sup - / \^qv{x,t)\'^dx + I I \Vv{x,t)\^dxdt. 

0<t<T 2 J]R3 Jo Jr3 



We shall use the notation ||f ||q and V{Q) to denote ||f ||q[o,i] and y(Q[0, 1]) 
respectively. 

Lemma 2.1. There is a constant C > 0, such that for all f G L^'°°(0, 1) and 
V G V{Q), 

(2.3) Yl E /VWI /, |Ai^(a;,i)l|VA,t;(x,t)|M<C||/|U2,^||y||^. 



Proof. Step 1. Note that the weak space //^(0, 1) is equivalent to the Lorentz 
space L^'°°(0, 1), and the norm on L^'°°(0, 1) can be defined equivalently by 

||/|U.,oo(o,i) = snp{\Er'/' [ \f{t)\dt; E e C} 

J E 

where C is the collection of all Lebesgue measurable sets with a positive mea- 
sure (see [12] )• Instead of the Lebesgue measurable sets, the original version in 
[12] (18.5) used the collection of all Borel sets with a positive measure. Since for 
all Lebesgue measurable sets E and 1 < p < 00 

/ \fit)\dt= I \fit)\dt+ [ \f{t)\dt 

Je JEn{\f\>a} JE\{\f\>a} 

X^\{teE: \f{t)\>X}\- + a\E\ 

<C\\fhr^^EM/'' 
1 

by taking a = \\f\\LZ,{E)\E\ (i-p'p' , nothing is lost when we use Lebesgue measur- 
able sets to replace Borel measurable sets. 

It is known that L^'°°(0, 1) is the dual space of L^'^(0, 1), where for g G L'^'^{0, 1) 
the norm is defined by the infimum of ^,>o \cj\, the sums of the coefficients of 
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the atom decomposition 

9{t) = ^Cjaj{t) 

j>Q 

over all possible expansions of g. 

Step 2. Note that for g > -1 

||VA,^;||i2(K3) = ( / Yl |Va.,A,^;|'dx)^/' 

(2-4) =(/ Yl H,n\vmm'/' 



l<j<3 



< (3)21|A,t;|U.(k3), 



and for g > 



(2.5) \\VAgV\\L2(R3) > {^)2'l\\AgV\\L2i^3y 



Denote 



M{v) = sup {\\AgV{t)\\L2^^3)\\AXt)\\LHR^)) 
0<t<l 

and for k — 1,2, 3, define 

Ek^{te (0, 1) : 2-' < (M(^;))-i(||A,^;(t)|U2(K3)||A,-^;(i)|U2(K3)) < 2-('=-i)}. 



Since \\v\\q is bounded, M(t') is bounded and are Lebesgue measurable. 
Note that for t e Ek 

{\\A,vit)\\Lm\\^At)\\Lm) < '^~^'~'^Miv) 
(2.6) 2 r 



Step 3. Denote 



^(^) = i\Wv{t)\\L2^^3)\\AjV{t)\\L2(M.3)) 
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and notice that 



1 

/ |A,t;(x,t)||VA,t;(x,t)|M 







<nfml \A,v{x,t)\'dxY/\ I \VA,v{x,t)\'dxY/'dt 







<(-)2'' / \f{t)\h{t)dt (hym) 







<(V+^5^iE,r^ / umt f h{t)dt (bydn) 

^ k>i Je^ 

<(V+1||/IU^-EtrW / ^^^^^^ (by step 1) 

fc>l I ^1 ■^E^: 

< (^)2''+i/|U..o.5^(sup/.)V2( f h{t)dtf'' 

k>l -^^fe 
fc>l fe>l-^^fc 

(2.7) < (^)2^+i||/|U.,oov^M(^)i/^(^\(t)t/t)i/2. (by m) 



For j, g > 0, by (12.51) we have 



the right of ([22D 



<C\\f\\L2,o.M{vf'\ (/ |VAjt;(a;,t)|2da;)i/2( / \y ^^y^x,t)\''dxY'Htf'^ 



and for j = —1, g > 



the right of (EII) 

< C||/|U2,ooM(t;)i/2( [ \A_^v{x,t)\^dxdtf'\f [ \VA,v{x,t)\^dxdty/\ 
Jo Jr^ _ Jo Jr^ 
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So, by (12. ip we have 

y2 y2 [ l/WM^ / \Ajv{x,t)\\VAgv{x,t)\dx 



<?>-! '/-2<i<9+4 

< 



^11/1^2,00 V( sup ||A,t;(t)|U2(K3))( / / \VAgv{x,t)\^dxdt) 



1/2 



(2.8) 



(3.1) 



9>0 

+C|| / 11^2,^ ( sup [ \A^iv{x,t)\^dxf'^{f [ \A^iv{x,t)\^dxdtY/^ 

0<t<ljR3 Jq Jj^i 

<C||/|U2,oo{(V sup / \Agv{x,t)\^dxy/\r [ \Vv{x,t)\^dxdty/^ 

g^^0<t<liR3 Jo Jr3 

+ y sup / \Aqv{x,t)\'^dx} 

0<t<l Jr3 

3. Proof of theorem 11.11 

Without loss generahty, we assume T = 1. We consider the Cauchy problem 
for the vorticity equation which follows the Navier-Stokes equations (11.11) 

dtv - Aw + div(5t;) = 0, V(a;, t) G x (0, 1) 

t;(x,0) = fo(x), Vx G M^ 

where Bv = v ® u — u ® v, and v = curl u. The following a priori estimate for 
(13. ip will be proved in section 4. 

Proposition 3.1. There exists e > swc/i that if 

(3.2) ||m||l2.=°(o,1;L°°(r3)) < e 

t/ien /or a// ti G (0, 1], /or a// solutions v of in V{Q[0,ti]) , we have 

(3-3) ll^llQ[o,ti] < C'll^o||i2(iR>3) 

where the constant C is independent of v and ti . 

Proof of Theoren il.l\ Note that the weak space -^^^(0, 1) is equivalent to 
the Lorentz space L^'°°(0, 1). Proposition 13.11 implies a priori estimate for the 
solutions of (13. ip provided that 

IklUs, (0,1;L°°{R3)) < e. 

If M is a Leray-Hopf solution to (II. ip . then u G L^(0, 1; /f^(M^)). So for any 
Sq > there is 5 G (0, (5o) such that || VM((5)||i;,2(]R3) < oo. Take 

■^0(2;) = curl u{x, 6) 
and consider the Cauchy problem 

f dtV -Av + div(Bv) = 0, in x (5, 1) 
(3.4) < „ 

v{x, 6) = Vo{x), in M'^. 
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The solution v of (3.4) is regular at least in a short time interval (5, ti) with 
ti < 1. So for any small 5i > 0, f G V{Q[5,ti — 5i\). We can use the a priori 
estimate in Proposition 13.11 to get 

|k||Q[5,t,] < limSUp < '^ll^o||i2(K3) 

<5i^0+ 

because the constant C is independent of 5i. Then for all t G [5, ti), ||l2(]r3-) 
is uniformly bounded. So v is regular at t = ti. Similarly by the initial data 
v{x,ti) and so on we can prove that the solution v of (13. 4p is regular in (5, 1] 
provided that 

||m||l2 (o,i;Lcx,(K3)) < e. 
Let 5q 0+. So v{x,t) and u{x,t) are regular for t G (0, 1] provided that 

||^||l2 (0,1;L°°(R3)) < e. 

Thus we proved Theorem II. 1[ □ 

4. Proof of proposition 13.11 

Without loss generality, we assume ti = 1. We introduce Bony's paraproduct 
from the Littlewood-Paley analysis. We denote 

^i'^— ^fcM, ^ji'^) = Sjj^i{u) — Sj{u). 

-i<fc<i-i 

For the product uv of u and f , we shall decompose it as the sum 

uv = TuV + TyU + R{u, v) 

of paraproducts 

TuV := "^^^Sj^iU^jV, TyU := AjuSj^iV, 
i>i i>i 

and remainder 

R{u,v) := AkuAjV, 

j>-lj-l<k<j+l 

where 

S'jf = A^v, Sqv = A_if , S'_it' = 0. 

Note that for g > —1, 

Aq{T^u) = Ag{ ^ AjuSj^iv) 
q'-2<j<q+'i 

and 

i+i 

A,(i?(M,w)) = A,( ^ ^kuA.v), 

j>q-3 k=j-l 

because (see [12] Lemma 16), for example, 

sptiA,uS,.,v) C {(^ -p2^ < lei < (^ + ^)2n, Vj > 2, 
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and 



spt(A,) C {(-)2^ < lel < (-)2n, Vg > 0, 



the necessary condition of spt{AjuSj-iv) fl spt(Aq) 7^0isg — 2<j<g + 4. 



(4.1) 



Step 1. Applying the operator to (13. ip we get 

dtA^v - AA^v - divAq(u ®v -v<»u) = 0, W{x, t) eW^ x (0, 1) 

Agv{x, 0) = AgVoix), Wx e Ml 

Taking inner products with AgV in the two sides of the equations (14.11) . we have 

^{d,-A)\Agv{x,t)\' + \VAgv{x,t)\' 
(4 2) = -[div(A,i?(5, v))] ■ Agv{x, t) - [div(A,T,fi)] • Agv{x, t) 

-[<liM{AgTBv)]- Agv{x,t), \l{x,t) eW" X (0,1), 
|Agt;(x,0)|2 = |Aq^;o(x)|^ Vx G Ml 

Here the notations R(B,v), T^B, Tbv may be understood as R{u,v), T^u, T^v. 
Integrating (14.21) over M^ x [0, 1] we have 



1 

0<i<l 2 J^3 Jo J^3 



sup ^ / \Agv{x,t)\'^dx - I \AgVo{x)\'^dx + I dt I \VAgv{x,t)\'^dx 



(4.3) 



<2 [ dt f {AqR{B, v) + AgT^B + AgTev} ■ VAgv{x, t)dx 

Jo iffiS 



=: J1 + J2 + J3 



where Ji, J2, J3 denote the integrations corresponding to AgR{B,v), AgT^B, 
AgTsv. 

Step 2. We have 



(4.4) <C^|k||L2,OC(0,l;LO 



As in the proof of Lemma 12.11 we denote 

h{t) = \\AgV{t)\\L2(R3)\\AjV{t)\\L2(U3) 

M = sup h{t) 

0<t<l 

and define 

Ek = {te (0, 1) : 2-'' < M-^h{t) < 2-^-^} 

where M is bounded and Ek are Lebesgue measurable because ||f ||q is bounded. 
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As in (12.71) we have 



1 

\\u{t)\\Lc^(u3)h{t)dt 



(4.5) 



< C||m||2,2,oo(o,i;loo(jj3)) , / h(t)dt 

< C||M|U2,^(o,i;i^(M3)) J2 (sup / /^W)'/' 



So 



\Ji\<2\ dt Ag( ^ AfewAjt;) • VAgt;(x,t)rfx| 
<C2^^ /" ||M(t)||L^(K3)||Agt;(t)|U2(K3)||A,t;(t)|U2(K3)cit 
< C2''||?z|U2,oo(o,i;L^(M3)){ sup ||Agt;(t)|U2(K3)( / ||A,t;(t)||i2(i,3)rft)i/2}i/2 

0<t<l Jo 

J2 { sup ||A,^;(t)|U2(i,3)( \\AAt)\\l^u^)dty/'V^' 



0<t<l 

:~„ o<t<i 

by using (14. 5 p and Holder inequality, and 

q>~l 

^ 1/2 

< C||m||l2,oo(o,i;l«>(i;3)) X] 2"^ sup ||Ayt;(t)||i2(K3)( / ||Agt;(t)||^2(B;3)rft)^/^ 



X f E E { ^^^P l|A,t;(t)|U^(M3)( ||A,t;(t)l|i.(«3)rft)^/n^/^) 



2 



1/2 



< C||n||L2,^(o,i;L«>(ffi3)) V sup ||Agt;(t)||i2(K3)( / || VAqt;(t) |||2(R3)rft)^/M 

\gr^io<t<^ Jo J 

X fE(E S'^isup ||A,.;(t)|U2(i,3)(/VA,t;(t)||i2(M3)rft)^/n^/^)^ 

+ C||M||L2,oc(o,l.ioc(R3)) sup ||A_lt;(t)||^2(R3) 

0<t<l 

< C||M||i2,oo(0,l;Loo(IR3))||i;| 



|2 
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where the Hardy- Young inequahty 

ij^ii: 2^a,ff'^ <C{Y: alf'\ (a, > 0), 
<?>-! i>g-2 g>-i 

is used in the last step. 
Step 3. We have 

=El/ 1.^1^ H A,uS,^,v)-VA,vdxdt\ 

q g ° g-2<j<g+4 



Yl Yl I l|AiM(t)|U.o(K3)||S'j_it;(t)||L2(K3)||A,Vt;(t)||L2(K3)rft 

-i<g<i '7-2<i<g+4 

^ / ||A,-«(t)|U2(K3)||S'j_it;(t)|U^(M3)||A,Vt;(t)|U2(K3)rft 



q>2 q-2<j<q+A''^ 

5Z / ll^i^(^)IU2(K3)||5'j-lM(t)||Loo(lR3)||AgVf (t)||L2(]B;3)rf)f: 

g>-l g-2<j<i3+4 

because (see [2]) 

ll'S'j-it;(t)||L-(i;3) < C||5'j_iV'u(i)||Loo(K3) < C2^||5'j_iu(t)||ioo(K3), 
II A,n(t) 1^2(1,3) < C2-^||A,V«(t)|U2(K3) < C2-iA,t;(t)|U2(K3). 



So by using Lemma [2. ![ we have 

(4.6) 5^1^21 <C||n|U2,oo(o,i;L. 

Step 4. Notice that 



V|J3| = 2V|/ / Ag( V Aj1;5j_im) ■ VAgt;dxdt| 



(4.7) 



<C5^ ^ / ||5,_iu(t)|Uoc(K3)||A,t;(t)|U2(K3)||A,V^;(t)|U2(K3)C?t 

9 g-2<i<9+4 "^"^ 

< C||n||i2,oo(o,i;L°°(iR3))||i;||Q 

by using Lemma 12.11 again. 

So from dlJl), (|13D, ^Bj and (HZD we have 

II^^IIq < C'||u||i2.^(0,l;Loo(K3))||w||J+ ||t;o||i2(IR3). 

Take e = 1/(2C). If ||m||l2,oc(o,i;loo(k3)) < e, we have ||f ||q < 2||t;o||^2(]R3)- □ 
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